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Abstract: We analyze non-relativistic string in Newton-Cartan background that was
found recently in [arXiv:1705.03535 [hep-th]]. We find its Hamiltonian formulation and
study structure of constraints. We also discuss a relation between string in Newton-Cartan
Background and T-duality along null reduction.
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1. Introduction
Today it is well known that non-relativistic holography is a very useful for description of
strongly coupled condensed matter systems, see for example [1]. In fact, non-relativistic
holography is an example of non-Lorentzian systems that have been studying last few
years very intensively. For example, effective actions of non-relativistic field theories were
analyzed in [2, 3, 4, 5, 6]. Further, non-relativistic local symmetries are crucial for the
proposal of renormalizable theory of gravity known today as Horˇava-Lifshitz gravity [7].
In fact, recently close relation between Horˇava-Lifshitz gravity and Newton-Cartan grav-
ity was found in [8]. Finally, three dimensional non-relativistic gravities were also very
intensively studied in [9, 10].
Certainly it is very interesting question to analyze extended object in the context of
non-relativistic gravity. Non-relativistic strings were firstly introduced from different point
of view in [11, 12], for further analysis in the context of string theory, see for example
[13, 14, 15, 16, 17]. Non-relativistic strings and p-branes gained renewed interest recently
when these objects were studied in the context of Newton-Cartan gravity and Carroll
gravity [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33].
There are basically two ways how to derive non-relativistic string in Newton-Cartan
background. The first one is based on the gauging procedure of non-relativistic string in the
flat background which was introduced in [21]. The characteristic property of this approach
is that the number of longitudinal dimensions is doubled with respect to standard Newton-
Cartan gravity. This fact also naturally emerges when we construct non-relativistic strings
or p-branes in Newton-Cartan background implementing the limiting procedure [34, 35].
However there is an alternative procedure how to define Newton-Cartan theory which is
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based upon null dimensional reduction [36, 37, 38] of higher dimensional theory. Then
one can ask the question whether null dimensional reduction of the Polyakov action leads
to new action for the string in Newton-Cartan background. This question was answered
in a very nice paper [27] where new covariant action for string in Newton-Cartan back-
ground was found. It was further shown there that performing the second non-relativistic
limit that affects both target space and world-sheet coordinates leads to sigma models that
describe strings moving in novel non-Lorentzian geometry. The main difference between
this approach and the construction of non-relativistic string performed in [21] is that we
obtain string moving in Newton-Cartan gravity without doubling the number of longitu-
dinal directions. This is a very attractive property of this construction. However the price
that we have to pay for it is that now there is an additional mode that propagates on the
world-volume of the non-relativistic string. The presence of this mode is a reflection of
the fact that non-relativistic string in Newton-Cartan background is constructed through
dimensional reduction from higher dimensional space-time with null isometry.
Since this proposal is very interesting it deserves further study. The goal of this paper
is precisely focused on this analysis. In the first part we determine Hamiltonian form
of the action introduced in [27]. We find this Hamiltonian as the sum of two constraints
which are manifestly invariant under Galilean transformations. We further show that these
constraints are the first class constraints with agreement with the fact that the string action
is invariant under world-sheet diffeomorphism.
At the second part of this paper we focus on alternative derivation of the non-relativistic
string in Newton-Cartan background that reflects its deep string theory origin. In more
details, we start with the Hamiltonian formulation of the string in the background with
null isometry. Then we show that when we study string in this background the correct
way how to perform dimensional reduction in case of the fundamental string is to perform
T-duality along this direction. It is well known that string T-duality can be interpreted as
canonical transformation [39, 40]. Performing this canonical transformation for the string
in the background with null isometry we find that the Hamiltonian constraint takes exactly
the same form as the Hamiltonian constraint for the string in Newton-Cartan background
that we found in the first section. Finally we perform an inverse Legendre transformation
and we find that resulting Lagrangian density exactly coincides with the Lagrangian found
in [27] which is again nice consistency check.
This paper is organized as follows. In the next section (2) we review the construction
of non-relativistic string in Newton-Cartan background as was performed in [27]. Then
in section (3) we perform canonical analysis of this theory, determine constraint structure
and calculate Poisson algebra of constraints. We also discuss second non-relativistic limit
in the context of Hamiltonian formulation. We also briefly discuss the gauge fixed theory.
In section (4) we show that non-relativistic string in Newton-Cartan background can be
defined starting with the string in the background with null isometry and then performing
T-duality along null direction. Finally in conclusion (5) we outline our result and suggest
possible extension of this work.
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2. Review of Non-Relativistic String in Newton-Cartan Background
In this section we review the construction of non-relativistic string in Newton-Cartan back-
ground as was presented [27]. The starting point is the Polyakov action in general back-
ground
S =
∫
d2σL = −T
2
∫
d2σ
√−γγαβgαβ , gαβ = ∂αxM∂βxNGMN , (2.1)
whereGMN is d+2 dimensional target space time metric, x
M ,M,N = 0, . . . , d+1 determine
position of the string in the target space-time and T is the string tension. Finally, γαβ is
two dimensional world-sheet metric where γ = det γαβ , γαβγ
βδ = δδα, where α = 0, 1 and
where we label world-sheet metric with coordinates σα so that ∂α ≡ ∂∂σα .
As the next step we consider the target space metric in the form
ds2 = GMNdx
MdxN = 2τ(du−m) + hµνdxµdxν , (2.2)
where µ, ν = 0, 1, . . . , d,M = (u, µ) and where
τ = τµdx
µ , m = mµdx
µ , (2.3)
where dethµν = 0. The tensors τµ,mµ and hµν are independent of u. We also define e
a
µ
through the relation
hµν = e
a
µ e
b
ν δab , a = 1, . . . , d . (2.4)
Now we are ready to proceed to the analysis introduced in [27]. The main idea is
to remove the field xu from the description. First of all we define momentum current
conjugate to u as
Pαu =
∂L
∂(∂αxu)
= −T√−γγαβGuµ∂βxµ = −T
√−γγαβτβ , (2.5)
where τα = τµ∂αx
µ. Note that the equation of motion for xu has the form
∂α
(
∂L
∂αxu
)
= ∂αP
α
u = 0 (2.6)
so that the condition of imposing xu on-shell is equivalent to the condition
∂αP
α
u = 0 . (2.7)
To proceed further we require that Pαu is an independent variable which can be imposed
by the Legendre transformations
Lˆ = L − Pαu ∂αxu , (2.8)
where Lˆ is independent on xu. On the other hand imposing Pαu to be on shell implies
relation between metric components γαβ . We will solve γαβ using Pαu and τα as follows.
The solution of this equation can be written as [27]
√−γγαβ = e(−vαvβ + eαeβ) , (2.9)
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where
eα =
ǫαβP
β
u
T
, vα = − P
α
u
P
γ
u τγ
, eα = −T ǫ
αβτβ
P
γ
u τγ
, (2.10)
and where
e = det
(
ττ eτ
τσ eσ
)
= ττeσ − τσeτ = ǫαβταeβ , (2.11)
where we also defined ǫτσ = −ǫτσ = 1 so that ǫαγǫγβ = δαβ . Using this result we can write
the Lagrangian density Lˆ as
Lˆ = −T
2
√−γγαβ hˆαβ = −T
2
e(−vαvβ + eαeβ)hˆαβ , (2.12)
where hˆµν = hµν −mµτν − τµmν , hˆαβ = hˆµν∂αxµ∂βxν .
As the final step we solve the equation of motion (2.7). This equation can be solved
locally by eα = ∂αη and we substitute this result into the action S =
∫
d2σLˆ. Then we
obtain following Lagrangian Lˆ in the form
Lˆ = −Tǫαβ∂βηmµ∂αxµ +
+
T
2
ǫαα
′
ǫββ
′
(∂α′η∂β′η − τµ∂α′xµτν∂β′xν)
ǫγγ
′
τµ∂γxµ∂γ′η
hµν∂αx
µ∂βx
ν . (2.13)
This Lagrangian density is the starting point for the canonical analysis.
3. Canonical Analysis
In this section we perform canonical analysis of the Lagrangian density (2.13). First of all
we derive following conjugate momenta
pη =
∂Lˆ
∂(∂0η)
= Tmσ − T
ǫββ
′
∂β′η
ǫγγ
′
τγ∂γ′η
hσβ +
T
2
ǫαα
′
ǫββ
′
(∂α′η∂β′η − τα′τβ′)
(ǫγγ
′
τγ∂γ′η)2
hαβτσ
(3.1)
and
pµ =
∂Lˆ
∂(∂0xµ)
= −T∂σηmµ + T
ǫββ
′
(∂ση∂β′η − τστβ′)
ǫγγ
′
τγ∂γ′η
hµν∂βx
ν
+ T
ǫββ
′
τµτβ′
ǫγγ
′
τγ∂γ′η
hσβ − T
2
ǫαα
′
ǫββ
′
(∂α′η∂β′η − τα′τβ′)
(ǫγγ′τγ∂γ′η)2
hαβτµ∂ση .
(3.2)
It is easy to see that (3.1) and (3.2) imply following primary constraint
Hσ = pη∂ση + pµ∂σxµ ≈ 0 (3.3)
while we find that the bare Hamiltonian is zero
Hbare = pη∂0η + pµ∂0x
µ − Lˆ = 0 (3.4)
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with agreement with the fact that the action S =
∫
d2σLˆ is invariant under two dimensional
diffeomorphism. On the other hand we are still missing Hamiltonian constraint. In order
to find it we have to introduce following objects eµa and vµ that are defined as
e aµ e
µ
b = δ
a
b , e
a
µ e
ν
a = δ
ν
µ + τµv
ν , vµτµ = −1 ,
vµe aµ = 0 , τµe
µ
a = 0 .
(3.5)
The special and temporal vierbeins define special and temporal metrics as follows
τµν = τµτν , τ
µν = vµvν ,
hµν = e
a
µ e
b
ν δab , h
µν = eµae
ν
bδ
ab .
(3.6)
To proceed further we observe that we can write
T 2
(ǫγγ′τγ∂γ′η)2
ǫββ
′
(∂ση∂β′η − τστβ′)hβαǫαβ′′(∂ση∂β′′η − τστβ′′) =
=
T 2
(ǫγγ
′
τγ∂γ′η)2
(∂ση∂ση − τστσ)ǫαα′ǫββ′(∂α′η∂β′η − τα′τβ′)hαβ + T 2hσσ
(3.7)
and also
(pµ + T∂σηmµ)v
µ∂ση − (pη − Tmµ∂σxµ)τσ =
=
T
2(ǫγγ′τγ∂γ′η)2
ǫαα
′
ǫββ
′
(∂α′η∂β′η − τα′τβ′)hαβ(∂ση∂ση − τστσ) + Thσσ .
(3.8)
If we combine these two relations together we obtain following primary Hamiltonian con-
straint
Hτ ≡ (pµ + T∂σηmµ)hµν(pν + T∂σηmν)−
− 2T (pµ + T∂σηmµ)vµ∂ση + 2T (pη − Tmµ∂σxµ)τσ + T 2hσσ ≈ 0 .
(3.9)
It is instructive to rewrite this constraint into the form
Hτ = pµhµνpν − 2Tpµvˆµ∂ση + T 2hˆµν∂σxµ∂σxν + 2Tpητµ∂σxµ + 2T 2∂σηΦ∂ση ,
(3.10)
where
hˆµν = hµν −mµτν −mντµ , Φ = −mµvµ + 1
2
mµh
µνmν , vˆ
µ = vµ − hµνmν .
(3.11)
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These objects are invariant under local Galilean transformations whose non-zero transfor-
mation rules are
δe aµ = τµλ
a , δvµ = eµaλ
a , δmµ = e
a
µ λa , (3.12)
where λa is parameter of local Galilean transformations.
In summary, we have found that the Hamiltonian of non-relativistic string is the sum
of two primary constraints (3.3) and (3.10). In the next subsection we will analyze Poisson
algebra of these constraints.
3.1 Algebra of Constraints
As usual we have to determine an algebra of constraints. We define smeared form of these
constraints as
TT (N) =
∫
dσNHτ , TS(Nσ) =
∫
dσNσHσ (3.13)
so that we have
{TS(Nσ),TS(Mσ)} = TS(Nσ∂σMσ −Mσ∂σNσ) .
(3.14)
To proceed further we calculate
{TS(Nσ),Hτ} = −2∂σNσHτ −Nσ∂σHτ ,
(3.15)
using
{TS(Nσ), pµ} = −∂σ(Nσpµ) , {TS(Nσ), xµ} = −Nσ∂σxµ ,
{TS(Nσ), pη} = −∂σ(Nσpη) , {TS(Nσ), η} = −Nσ∂ση .
(3.16)
Then (3.15) can be equivalently written as
{TS(Nσ),TT (M)} = TT (Nσ∂σM −M∂σN) . (3.17)
Finally we calculate Poisson bracket between smeared form of Hamiltonian constraints and
we obtain
{TT (N),TT (M)} =
∫
dσ(N∂σM −M∂σN)4T 2pνhνµhˆµρ∂σxρ +
+
∫
dσ(N∂σM −M∂σN)4Tpνhνµτµpη −
−
∫
dσ(N∂σM −M∂σN)4T 3vˆµhˆµν∂σxν∂ση −
−
∫
dσ(N∂σM −M∂σN)4T 2vˆµτµpη∂ση −
−
∫
dσ(N∂σM −M∂σN)4T 2pµvˆµτν∂σxν +
+
∫
dσ(N∂σM −M∂σN)8T 3τµ∂σxµΦ∂ση .
(3.18)
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To proceed further we use the fact that
hµντν = 0 , h
νµhµρ = δ
ν
ρ + v
ντρ ,
hνµhˆµρ = δ
ν
ρ + vˆ
ντρ , vˆ
µhˆµν = 2Φτν .
(3.19)
Then if we combine these results together in (3.18) we obtain desired result
{TT (N),TT (M)} = 4T 2TS(N∂σM −M∂σN) . (3.20)
We see that the Poisson brackets (3.14),(3.17) and (3.20) close on the constraint surface
Hσ ≈ 0 ,Hτ ≈ 0 and hence they are the first class constraints.
3.2 Fixing Gauge
We have seen that the non-relativistic string Hamiltonian is the sum of two first class con-
straints. The natural way how to deal with such a theory is to gauge fix these constraints.
For example, we can introduce following gauge fixing functions
Gτ ≡
√
Tx0 − τ ≈ 0 , Gσ ≡
√
Tη − σ ≈ 0 .
(3.21)
To see this that they are suitable gauge fixing functions we calculate following Poisson
brackets{Gτ (σ),Hτ (σ′)} ≈ (2√Th0νpν − 2T vˆ0)δ(σ − σ′) , {Gτ (σ),Hσ(σ′)} ≈ 0 ,{Gσ(σ),Hτ (σ′)} = 2T 3/2τµ∂σxµδ(σ − σ′) , {Gσ(σ),Hσ(σ′)} ≈ δ(σ − σ′) .
(3.22)
Since these Poisson brackets do not vanish on the constraint surface Hτ ≈ 0 ,Hσ ≈ 0 ,Gτ ≈
0 ,Gσ ≈ 0 we see that these gauge fixing functions together with Hτ ≈ 0 ,Hσ ≈ 0 are the
second class constraints that vanish strongly. Then the Hamiltonian on the reduced phase
space follows from the action
S =
∫
d2σ(pµ∂0x
µ + pη∂0η − λτHτ − λσHσ) =
=
∫
d2σ(pi∂τx
i +
1√
T
p0) , (3.23)
where we used the fact that Hτ = 0,Hσ = 0 and we also used Gτ = 0 to express x0
as x0 = 1√
T
τ . Then we see from (3.23) that it is natural to identify the gauge fixed
Hamiltonian density as
Hfixed = − 1√
T
p0 , (3.24)
where p0 can be determined from Hτ = 0, at least in principle, while from Hσ = 0 we
obtain pη as
pη = −
√
Tpi∂σx
i . (3.25)
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Let us consider for example a flat Newton-Cartan background whenmµ = 0 , τµ = δ
0
µ, hµν =
δijδ
i
µδ
j
ν . Then clearly hµν = δ
µ
i δ
ν
j δ
ij , vˆµ = −δµ
0
so that
Hτ = piδijpj + 2
√
Tp0 + T
2δij∂σx
i∂σx
j = 0
(3.26)
that can be easily solved for p0. As a result we obtain the Hamiltonian density on the
reduced phase space in the form
Hfixed = 1
T
piδ
ijpj + Tδij∂σx
i∂σx
j . (3.27)
3.3 Scaling Limit
It was shown in [27] that the second scaling limit T → 0 defines new interesting class of non-
relativistic theories. Let us now implement this idea in case of the Hamiltonian formulation
of this theory. From the form of the constraint Hτ ≈ 0 it is clear that the naive limit T → 0
in the constraint Hτ ≈ 0 leads to a trivial dynamics since Hτ → pµhµνpν ≈ 0 for T → 0.
In order to resolve this problem we follow the analysis proposed in [27]. Explicitly, in order
to make the Hamiltonian constraint non-trivial we have to rescale the coupling to vµ too.
In more details, let us write τµ as
τµ = N∂µF + βµ , v
µβµ = v
µhµν = 0 , v
µτµ = −1 . (3.28)
Let us consider scaling limit
F = c2F˜ , T =
T˜
c
, η = cη˜ , pη =
1
c
pη˜ , c→∞ . (3.29)
Further, since vµτµ = −1 that holds for all c we should rescale vµ as vµ = 1c2 v˜µ. With the
help of this prescription we find that the Hamiltonian constraint scales as
Hτ ⇒ H˜τ = (pµ + T˜ ∂ση˜mµ)hµν(pν + T˜ ∂ση˜mν) + 2T˜ (pη − T˜mµ∂σxµ)τ˜σ ≈ 0 ,
(3.30)
where τ˜µ = N∂µF .
As a check whether our approach is correct let us start with the scaled action found
in [27]
S = −T˜
∫
d2σ
(
ǫαβmα∂β η˜ +
ǫαα
′
ǫββ
′
τ˜α′ τ˜β′
2ǫγγ′ τ˜γ∂γ′ η˜
hαβ
)
(3.31)
and determine corresponding Hamiltonian. From (3.31) we derive following conjugate
momenta
pη˜ =
∂L˜
∂∂0η˜
= T˜mσ − T˜
ǫαα
′
ǫββ
′
τ˜α′ τ˜β′
2(ǫγγ′ τ˜γ∂γ′ η˜)2
hαβ τ˜σ
pµ =
∂L˜
∂∂0xµ
= −T˜mµ∂ση˜ + T˜
ǫββ
′
τ˜µτ˜β′
ǫγγ
′
τ˜γ∂γ′ η˜
hσβ +
+
ǫαα
′
ǫββ
′
τ˜α′ τ˜β′
2(ǫγγ′ τ˜γ∂γ′ η˜)2
hασ τ˜µ∂ση˜ − T˜
ǫββ
′
τ˜σ τ˜β′
ǫγγ
′
τ˜γ∂γ′ η˜
hµσ∂σx
σ .
(3.32)
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Then performing the same manipulation as in previous section we derive following Hamil-
tonian constraint
Hτ = (pµ + T˜mµ∂ση˜)hµν(pν + T˜mν∂ση˜) + 2T˜ (pη˜ − T˜mµ∂σxµ)τ˜σ ≈ 0 (3.33)
that coincides with (3.30).
4. Alternative Derivation of Non-Relativistic String
In this section we perform an alternative derivation of the non-relativistic string in the
Newton-Cartan background. The starting point of our construction is the Hamiltonian for
the string in the background with null isometry. We begin with Nambu-Goto form of the
string action in general background
S = −T
∫
d2σ
√− det gαβ (4.1)
and find its Hamiltonian form. From (4.1) we obtain conjugate momenta
pM = −TGMN∂αxNgατ
√
− det g . (4.2)
Using this relation it is easy to find two primary constraints
Hτ = pMGMNpN + T 2GMN∂σxM∂σxN ≈ 0 , Hσ = pM∂σxM .
(4.3)
As in section (2) we now consider background metric with null isometry
ds2 = GMNdx
MdxN = 2τ(du−m) + hµνdxµdxν , (4.4)
where
τ = τµdx
µ , m = mµdx
µ , (4.5)
and where det hµν = 0. It can be shown that the inverse metric G
MN has the form
Guu = 2Φ , Guµ = −vˆµ , Gµν = hµν . (4.6)
In this background the Hamiltonian and diffeomorphism constraints (4.3) have the form
Hτ = 2puΦpu − 2puvˆµpµ + pµhµνpν + 2T 2τµ∂σxµ∂σu+ T 2hˆµν∂σxµ∂σxν ,
Hσ = pu∂σu+ pµ∂σxµ .
(4.7)
This is the Hamiltonian constraint for the string in the null background. Note that this
background possesses an isometry
u→ u+ ǫ , ǫ = const . (4.8)
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Let us now perform canonical transformation from u to η [39, 40] when we presume that
the generating function has the form
G =
T
2
∫
dσ(u∂ση − ∂σuη) . (4.9)
Let us denote the momentum conjugate to η as pη. Then from the definition of the canonical
transformation we derive following relation between momenta pu, pη and spatial derivatives
of u and η:
pη = −δG
δη
= T∂σu , pu =
δG
δu
= T∂ση .
(4.10)
Now we obtain canonically dual Hamiltonian when we replace ∂σu with
1
T pη and pu with
T∂ση in Hτ and Hσ given above and we obtain
Hσ = pη∂ση + pµ∂σxµ ≈ 0 ,
Hτ = pµhµνpν − 2Tpµvˆµ∂ση + 2τµ∂σxµpη + T 2hˆµν∂σxµ∂σxν + 2T 2∂σηΦ∂ση .
(4.11)
which precisely coincide with the Hamiltonian constraint (3.10). It is important to stress
that the canonical transformation defined by the generating function (4.9) can be inter-
preted as T-duality transformation along u−direction even if this interpretation is slightly
formal due to the fact that the u−direction is null and hence non-compact.
Finally we check our result by derivation of the Lagrangian density from the Hamilto-
nian H =
∫
dσ(λτHτ + λσHσ), where the constraints Hτ ≈ 0 ,Hσ ≈ 0 are given in (4.11).
Using this Hamiltonian we easily find
∂0x
µ = {xµ,H} = 2λτhµνpν − 2λτT vˆµ∂ση + λσ∂σxµ ,
∂0η = {η,H} = 2λτ τµ∂σxµ + λσ∂ση
(4.12)
and we obtain following Lagrangian density
L = pµ∂0xµ + pη∂0η − λτHτ − λσHσ =
= λτpµh
µνpν − λτT 2hˆµν∂σxµ∂σxν − 2λτT 2∂σηΦ∂ση .
(4.13)
To proceed further we introduce eˆ aµ as
eˆ aµ = e
a
µ − eνbδbamντµ (4.14)
that obeys
eˆ aµ h
µν = δabeνb . (4.15)
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Using this relation we easily find
pµh
µνpν =
1
4(λτ )2
(∂τx
µ + 2T vˆµ∂ση − λσ∂σxµ)eˆ aµ δabeˆ bν (∂τxν + 2T vˆν∂ση − λσ∂σxν)
(4.16)
and hence we obtain Lagrangian density in the form
L = 1
4λτ
(∂τx
µ + 2T vˆµ∂ση − λσ∂σxµ)eˆ aµ δabeˆ bν (∂τxν + 2T vˆν∂ση − λσ∂σxν)−
− λτT 2hˆµν∂σxµ∂σxν − 2λτT 2∂σηΦ∂ση .
(4.17)
This Lagrangian density can be rewritten into an equivalent form if we use the relation
eˆ aµ δabeˆ
b
ν = hˆµν + 2τµΦτν (4.18)
so that the Lagrangian density has the form
L = 1
4λτ
(hˆττ + 2ττΦττ − 2λσhˆτσ − 4λσττΦτσ +
+ (λσ)2hˆσσ + (λ
σ)22τσΦτσ)− λτT 2hˆσσ − 2λτT 2∂σηΦ∂ση .
(4.19)
Finally we eliminate λτ , λσ from L. As was argued in [33] these multipliers cannot be
eliminated by their equations of motion. Instead we have to examine the equations of
motion for xµ and η. In fact, from the equation of motion for xµ we obtain
ττ = 2λ
τ∂ση + λ
στσ (4.20)
while from the equation of motion for η we obtain
1
2τσ
(∂τη − λσ∂ση) = λτ . (4.21)
Inserting this result into (4.20) we obtain
λσ =
ττσ − ∂τη∂ση
τσσ − ∂ση∂ση (4.22)
and hence we find that λτ is equal to
λτ = − ǫ
αβτα∂βη
2(τστσ − ∂ση∂ση) . (4.23)
With the help of these results it is easy to find the Lagrangian density in the form
L = − 1
2ǫγγ′τγ∂γ′η
(τατβ − ∂αη∂βη)ǫαα′ǫββ′ hˆα′β′
− 1
ǫγγ
′
τγ∂γ′η
(τατβ − ∂αη∂βη)ǫαα′ǫββ′τα′τβ′Φ− T 2ǫαβτα∂βηΦ .
(4.24)
At first sight we should say that this Lagrangian density is different from the one derived
in [27]. However when we perform closer examination we find that two expressions on the
second line in (4.24) cancel each other and it precisely reduces into (2.13). We mean that
this is really nice consistency check.
– 11 –
5. Conclusion
Let us outline our results and suggest possible extension of this work. We analyzed non-
relativistic string theory on Newton-Cartan background which was introduced in [27]. We
found its Hamiltonian form and calculated an algebra of constraints. We also discussed its
gauge fixed form. We also shown an alternative way of the derivation of this theory with
the help of T-duality along null direction. We mean that this is very interesting result that
clearly allows natural extension of this work when we analyze Green-Schwarz superstring
in the background with null isometry and perform T-duality along this direction. It would
be also nice to analyze the action [27] in some specific background and try to find solutions
of corresponding equations of motion. We hope to return to these problems in future.
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